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Using Monte Carlo simulation techniques, we study the ferromagnetic order-disorder phase transition in
Ising spin fluids with hard-core Yukawa interaction truncated at various cutoff radii rc. We focus our interest on
the dependence of critical quantities such as the Binder cumulant and various exponent ratios on the value of
rc, and on the question whether the Fisher-renormalized exponents expected for such systems can be observed
in the simulations. It turns out that the corrections to scaling decaying with a rather small exponent prevent
reaching the asymptotic region with the computational power available. Thus, we observe only effective
exponents, with different �nonuniversal� values depending on the cutoff radius. The same behavior is also
found for the critical Binder cumulant. Nevertheless, an exact investigation of the effective susceptibility
exponent �eff as a function of temperature seems to point towards a Fisher-renormalized value. For two
selected cutoff radii, the critical temperature is determined more accurately using, in addition to the cumulant
crossing technique, the scanning technique and the shifting technique, taking into account corrections to
scaling. Simulations of Ising fluids with constant cutoff radius and varying Yukawa-tail screening lengths �

also show a nonuniversal dependence of Uc on �. Finally, we have performed simulations of the Ising lattice
model with increasing number of couplings which show the expected asymptotic behavior, independent of the
range of interactions.
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I. INTRODUCTION

The general concept of Fisher renormalization was first
introduced in �1� and describes the critical properties of sys-
tems with two independent order parameters, for example,
magnetization and density of impurities in a diluted Ising
model. If the second �so-called hidden� variable is subject to
a constraint �eg., fixed number of impurities� and the pure
system has a positive specific heat exponent �, the critical
exponents of the diluted system are renormalized with re-
spect to the pure system. The originally divergent specific
heat becomes finite with a new exponent ��=−� / �1−��, and
all other exponents are scaled by a factor 1 / �1−��. Besides
the mentioned diluted Ising model, examples for Fisher-
renormalized systems are the multicomponent lattice gas
�2–4� or the Blume-Capel model �5–7� for the superfluid
3He-4He mixture.

A class of systems that are also candidates for Fisher
renormalization is the family of classical spin fluids includ-
ing the Heisenberg �n=3�, XY �n=2� and Ising �n=1� fluid,
where n denotes the number of components of the spin. All
of these feature both magnetization and number density as
order parameters, and show gas-liquid as well as ferromag-
netic order-disorder phase transitions. While in the case of
the Heisenberg fluid � is negative, the Ising case has ��0,
and thus Fisher-renormalized exponents can be expected in
the canonical ensemble. The only thorough study of the criti-
cal properties of the three-dimensional Ising fluid available
so far �8� reports exponents that indicate a crossover from the
universal three-dimensional �3D� Ising lattice values to the
Fisher-renormalized ones. In the Heisenberg case �9–11� the
observed exponents also differed from those of the lattice
Heisenberg model, and it was stated that these are merely
effective exponents and the asymptotic critical region could

not be reached since the minimum system size for correc-
tions to scaling to become irrelevant would be of the order of
N=108, which is far beyond the particle numbers that can be
studied in the present simulations. The reason for this is the
small absolute value of � appearing in the exponent of the
correction term, which makes the corrections decay much
slower when approaching the critical temperature than the
usual Wegner corrections to scaling. It is also worth mention-
ing that for the positionally frozen Heisenberg system
�12–14�, the observed critical exponents were nearly indis-
tinguishable from those of the Heisenberg spin fluid.

In this paper we shall perform a similar study as in �9� for
the Ising fluid, in order to clarify the nature of the critical
exponents observed in computer simulations, using several
different finite-size scaling techniques.

The second aspect we are interested in is the quantity
known as the Binder cumulant U �15�. This fourth-order cu-
mulant of the order parameter distribution has become a
common tool in the field of phase transitions and critical
phenomena. It is, for example, used for locating the critical
point �cumulant crossing technique� or to compute the criti-
cal exponent of the correlation length. The critical value of
the cumulant directly at the phase transition, Uc, has gener-
ally been considered a universal quantity that is characteris-
tic for the universality class of the studied system. This
would mean that it depends only on the dimensionality of the
system and the number of components of the order param-
eter, but not on microscopic details such as the type of inter-
action or the geometric lattice structure. However, in recent
years more and more studies have questioned this universal-
ity of the Binder cumulant. In �16,17�, for example, the
Binder cumulant is shown to be nonuniversal in a three-
dimensional Ising model with isotropic nearest-neighbor
coupling and anisotropic next-nearest-neighbor coupling on
a simple cubic lattice.
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For the class of the two-dimensional Ising model, the
critical Binder cumulant has been studied extensively in nu-
merous works �18–28�, using different lattices �square, rect-
angular, triangular�, anisotropic nearest-neighbor or next-
nearest-neighbor interactions, and also different boundary
conditions and lattice shapes �square, rhombus, circle�
�18–23�. While the numerically determined value of Uc for
spin-1

2 ferromagnetic nearest-neighbor couplings on a square
lattice with periodic boundary conditions, Uc=0.610 69 �19�,
was usually believed to be valid for the whole two-
dimensional Ising universality class, it has been found to
vary significantly, depending on the details of the system.
Selke, for example, observed values as low as Uc=0.379 for
a triangular lattice with rhombic shape and free boundary
conditions �18�. On the other hand, for several two-
dimensional systems, such as the spin-1 Ising model and
even the two-dimensional anisotropic XY model, the esti-
mates of Uc agree with the universal value �24–28�.

Not so many studies are available to date regarding the
Binder cumulant in the three-dimensional Ising model
�which falls into the same universality class as the pure fluid�
and the 3D Ising fluid. The former was examined in �29–32�,
with contradictory results concerning the nonuniversality of
the susceptibility ratio in the anisotropic next-nearest-
neighbor Ising model. As for the Ising fluid, where the spins
are connected to particles moving freely in three-dimensional
space and the exchange interaction J is a function of the
particle distance, there have been several studies of the gen-
eral phase behavior �33–39�, both in the absence and pres-
ence of a magnetic field H. The phase diagram for H=0
shows, apart from the usual gas-liquid transition, a line of
magnetic critical points ending either in a tricritical point or
a critical endpoint, depending on the details of the interaction
potential. The critical properties of this ferromagnetic order-
disorder transition, however, have not received much atten-
tion so far. In Ref. �8�, already mentioned earlier, they were
studied for an Ising fluid with hard-core repulsion and
Yukawa exchange interaction truncated at a cutoff radius rc
=2.5� �� denotes the particle diameter�, using both the hier-
archical reference theory �HRT� �40� and Monte Carlo �MC�
simulations. The critical temperature Tc was located for two
reduced densities �*=��3=0.3 and �*=0.5 with the Binder
cumulant crossing technique and the values of critical expo-
nent ratios were calculated using finite-size scaling �FSS�
relations. The critical value of the Binder cumulant Uc at Tc
was determined as 0.462�4� at �*=0.3 and 0.456�6� at �*

=0.5, respectively, which was considered as consistent with
the Ising lattice value 0.4652�3� �30�.

An aspect that was not taken into account in that work is
the influence that the choice of the cutoff radius rc and the
shape of the Yukawa function may have on the observed
values of the critical Binder cumulant and the exponent ra-
tios. In our paper, we focus on this point by looking at the
same system, but choosing various values of rc and the
screening parameter � we introduce in the Yukawa potential.
We also compare the results for the Ising fluid with simula-
tions of the 3D Ising lattice model, adding successively
second-nearest and third-nearest-neighbor couplings to the
nearest-neighbor interactions, thus investigating the effect of
the interaction range in the lattice system.

II. ISING FLUID

We consider an Ising spin-fluid with hard-core repulsion
consisting of N particles in a volume V interacting via the
pair potential

u�rij,si,sj� = � � , rij � � ,

− J�rij�sisj , � � rij � rc,

0, rij � rc,

�1�

with a short-range Yukawa exchange interaction

J�r� = 	
�

r
exp�− ��r − ��� . �2�

Here, � denotes the hard-core diameter of the particles, rc is
the cutoff radius, 	 is the interaction strength, � is the
Yukawa screening parameter and rij = �ri−r j� the interparticle
distance. The particles move in three-dimensional space at
coordinates ri= �xi ,yi ,zi� and have embedded spins si= ±1.

A. Simulations

We have conducted MC simulations in the canonical
�constant-NVT� ensemble for Ising fluids with different cut-
off radii rc varying from 2 to 5 in steps of 0.5. The simula-
tions were performed in a cubic box with periodic boundary
conditions, at a fixed density �*=��3=0.5, with particle
numbers N ranging from 108 to 10 000 �for rc=4�. We used
standard Metropolis particle translation moves and the Wolff
cluster algorithm to update the spins. Although in its original
form �41� this method was formulated only for lattice sys-
tems, its application to off-lattice systems is straightforward
�see, for example, Ref. �10��. Each production run consisted
of at least 106 MC cycles, with one cycle being defined as
one displacement attempt per particle followed by one Wolff
update. For large system sizes, we applied the cell list
method �42� in order to save computer time.

B. Binder cumulant

During a simulation with system size N at a temperature
close to Tc �roughly estimated beforehand with short simula-
tion runs�, a combined histogram HT�m ,E� of magnetization
per particle, m= 1

N�i=1
N si, and the total potential energy

E = �
i�j

N

u�rij,si,sj� , �3�

was collected, and then extrapolated to nearby temperatures
using multihistogram reweighting techniques �43,44�. Thus,
the canonical probability distribution of m, PT�m�
=�EHT�m ,E� /�m,EHT�m ,E�, was determined as a function
of T, from which in turn the Binder cumulant UN can be
calculated as

UN�T� = 1 −
�m4	T

3�m2	T
2 . �4�

Here � 	T denotes the canonical average, �f�m�	T

=
PT�m�f�m�dm for some function f of m. From the func-
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tions UN�T� for different system sizes N we determined the
critical temperature Tc and critical Binder cumulant Uc as
mean values of the pairwise intersection points of each two
curves corresponding to consecutive system sizes �disregard-
ing the curves for N=108, which was found to be too small
of a system size for reasonable calculations without correc-
tions to scaling�. The standard deviations of the mean values
were used for the error bars.

Figures 1�a� and 1�b� show the Binder cumulant functions
UN�T� in the critical region for several system sizes N and
two different cutoff radii rc=2 and 4. The values of Tc and
Uc, respectively, are indicated by the circles and the attached
error bars corresponding to the standard deviations. Uc can
be seen to shift from around 0.474 for rc=2 to 0.404 for rc
=4. In Fig. 2, the dependence of the critical temperature Tc
and the critical Binder cumulant Uc on the cutoff radius rc is
illustrated. All temperatures are in units 
 /kB with kB being
Boltzmann’s constant. Error bars are displayed if they are
larger than the symbol size. For the case rc=4 we used larger

system sizes including N=10 000, in order to check if there
is a trend towards a higher value of Uc for larger particle
numbers, which would indicate that the low critical Binder
cumulants we observe for higher rc are due to finite-size
effects. However, as demonstrated in Fig. 3, no sign for such

(a)

(b)

FIG. 1. �Color online� Binder cumulant UN�T� for different sys-
tem sizes �N=300, 500, 1500, and 5000� of the Ising fluid with �
=1 and rc=2 �a�, and of the Ising fluid with �=1 and rc=4 �b� for
system sizes N=300, 500, 750, 1000, 5000, and 10 000. The circles
and attached error bars indicate the locations of Uc and Tc, with
their corresponding uncertainties, obtained from averaging the
crossing points as described in the text.

(a)

(b)

FIG. 2. Critical temperature Tc �a� and critical Binder cumulant
Uc �b� of the Ising fluid with �=1 as a function of the cutoff radius
rc. The horizontal line indicates the value of Uc for the lattice Ising
model �30�. Error bars are shown if larger than the symbol size.

1 2 3 4 5
Ni

0.39

0.4

0.41

0.42

Uc

FIG. 3. Critical Binder cumulant Uc of the Ising fluid with �
=1 and cutoff radius rc=4 obtained from the intersections of each
two curves UNi

�T� and UNi+1
�T� with Ni out of the set

�300,500,750,1000,5000,10 000� �the curves are shown in Fig.
1�b��. The horizontal line indicates the mean value of the intersec-
tion points. No system-size dependent trend in the data can be seen.
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a scenario was found within the range of system sizes acces-
sible to our simulations.

On a side note, we have also performed some additional
simulations with an interparticle potential defined as in Eq.
�1�, only shifted by the value at rc, such that it goes to zero
continuously. These calculations showed the same trend of
the behavior of Uc in dependence on rc, differing only quan-
titatively from the results we have shown.

C. Critical temperature

Apart from the cumulant crossing technique, we also ap-
plied two other methods in order to estimate more accurately
the critical temperature for the cases rc=2.5 and rc=4. First,
we used a technique that was already employed earlier for
both the Heisenberg magnet �45� and fluid �9�. It is called the
scanning technique and is based on six quantities Vl,
l=1, . . . ,6, defined as

V1 = 4�m3� − 3�m4� , �5�

V2 = 2�m2� − �m4� , �6�

V3 = 3�m2� − 2�m3� , �7�

V4 = �4�m� − �m4��/3, �8�

V5 = �3�m� − �m3��/2, �9�

V6 = 2�m� − �m2� , �10�

with

�mn� = ln
��mn	

�T
, �11�

which all show the same scaling behavior at the phase tran-
sition,

Vl � L1/�. �12�

Here, � is the critical exponent of the correlation length .
Now we perform linear fits of the Vl as functions of the
system size L in a double-logarithmic plot and compare the
slopes obtained, while varying the temperature at which the
Vl are evaluated. Since only at the critical temperature Tc all
fits have the same slope 1/�, we plot the slope from the
fitting procedure for the quantities Vl as a function of l and
change the temperature until the points lie on a horizontal
line �see Fig. 4�. The corresponding temperature is then an
estimate for the critical temperature, and the common slope
gives the critical exponent �.

In our case, the obtained values of Tc for rc=2.5 and rc
=4 were 7.729 and 11.3175, those of 1 /� were 1.5617 and
1.5795, which correspond to �=0.64 and �=0.633. Interest-
ingly, the resulting values of � are close to the lattice value of
the 3D Ising model, �l=0.6301 �30�, whereas we would
rather expect the Fisher-renormalized value ��=

�l

1−�l
=0.708,

where �l=0.11 is the lattice value of the heat capacity expo-
nent.

Next, we extrapolated the peak temperatures of the quan-
tities � ln�m2	 /�K, � ln��m � 	 /�K, and �, with K=
 /kBT, as
functions of the system size, using the expression �cf. �29��

Tpeak�L� = Tc + AL−1/���1 + BL−�� , �13�

where �� is again the Fisher-renormalized lattice value of the
3D Ising model, A and B are fitting parameters, and � is
some correction exponent. We expect two kinds of correc-
tions to scaling to appear: on the one hand, the usual Wegner
corrections �46�, with an exponent proportional to �0.5,
and on the other hand the so-called Fisher corrections to
scaling �47,48�, proportional to ���, which should decay
much slower with approaching the asymptotic region since
�=0.11 for the 3D Ising model. The latter are caused by the
same constraint-induced temperature rescaling which is also
responsible for the Fisher renormalization of the critical ex-
ponents. In �13�, only a single correction term with one ex-
ponent has been assumed since including more than one term
leaves too few degrees of freedom in the fit.

At L=� the three curves should meet at a common Tc.
This method is known as the shifting technique because of
the shift of the maxima in finite systems with respect to the
critical temperature of the infinite system. We have also tried
linear fits without the correction term in �13�, but in that case
the lines cross already far from the limit L→�, indicating
that corrections to scaling cannot be neglected.

1 2 3 4 5 6
Vl

1.52

1.54

1.56

1.58

1.6

1.62

1�Ν

7.71
7.72

7.729

7.736

7.743

Tc

1 2 3 4 5 6
Vl

1.5

1.525

1.55

1.575

1.6

1.625

1.65

1�Ν

11.3

11.31

11.3175

11.325

11.335

Tc

(a)

(b)

FIG. 4. Quantity dependence of scanning results for the func-
tions Vl for the Ising fluids with �=1 and a cutoff radius of rc

=2.5 �a� and rc=4 �b�. The values of 1 /� for Tc=7.729 and Tc

=11.3175, respectively, shown by the horizontal lines, are 1.5617
��=0.64� and 1.5795 ��=0.633�, whereas the values obtained from
FSS are �=0.64 and �=0.629.
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We first applied the nonlinear fit �13� to the data obtained
for the Ising fluid with rc=4, using only the four largest
particle numbers �N=750, 1000, 5000, and 10 000� for the
fit. With the correction exponents 0.14, 0.28, and 0.23 for
� ln�m2	 /�K, � ln��m � 	 /�K, and �, respectively, the curves
intersect at L=� at an average critical temperature of Tc
=11.3293�1�. This value, however, does not compare well
with the values obtained from the cumulant crossing �Tc

=11.3189�76�� and the scanning technique �Tc=11.3175�. A
considerably better result is achieved when taking into ac-
count also the data from the two smaller system sizes, N
=300 and N=500. In that case, the curves coincide at Tc
=11.3174�1� �see Fig. 5�, and the correction exponents are
0.52, 0.31, and 0.47. Concerning the size of the corrections
to scaling we can say that the term BL−� in �13� can be
neglected if it is smaller than 0.5. Taking into account that
the absolute value of B was found to lie roughly between 1
and 2, we obtain that for the case of the smallest correction
exponent 0.31 this condition is fulfilled if N�30 000. Since
the largest system sizes we could study with our computa-
tional resources was 10 000, it is clear why we must take into
account the correction term.

So far we have assumed that the exponent in �13� is the
Fisher-renormalized ��. If we repeat the fitting procedure
using the unrenormalized exponent �l instead, again with all
system sizes included, the agreement of Tc with the other two
results gets worse again, although the obtained value �Tc

=11.3141�1�� is still within the error bars of the cumulant
crossing result.

A similar investigation using the shifting technique for a
cutoff radius rc=2.5 yielded a critical temperature of Tc
=7.7213�1�.

D. Scaling and critical exponents

When scaling the magnetization with a factor L�/�, � be-
ing the critical exponent of the magnetization, the normal-
ized distribution functions P �x�mL�/�� at the critical tem-
perature should collapse for all system sizes. This is
demonstrated in Fig. 6 for Ising fluids with rc=2.5 and rc
=4. We see that the scaled distributions belonging to differ-
ent system sizes but the same rc coincide, whereas those
corresponding to different rc do not. The different shapes of
the scaling functions, reflecting the different values of the
critical Binder cumulant, are clearly visible.

The value of � /� used in the scaling was derived from the
slope of the critical magnetization value mc���m � 	�Tc� as a
function of the linear system size L in a double-logarithmic
plot, according to the FSS relation �15�

mc � L−�/�. �14�

Figure 7 shows straight-line fits ln mc=c− �� /��ln L, with c
being some constant, for Ising fluids with different cutoff
radii rc. From the plot, a continuous change in the slope of
the lines is clearly visible. The statistical errors 
 of the val-
ues of ln mc used in the chi-square fitting procedure were
obtained from the standard deviation � of the averaged result
of n simulations performed in parallel as


 =
�

n
. �15�

Q values of the fits �see, for example, Ref. �49� for a defini-
tion� lay between 0.6 and 0.9. In Fig. 8�a�, � /� is shown as
a function of the cutoff radius rc. A distinct dependence on rc
can be seen, with � /� being 0.505�5� for rc=2 and reaching
a value of 0.633�9� for rc=5, whereas the lattice Ising value
is 0.519�2� �30�.

Next, we looked at the value of � /�, obtained from the
FSS relation �15�

�max � L�/�, �16�

where � is the susceptibility

0.01 0.02 0.03 0.04 0.05 0.06
L�1�Ν'

11

11.1

11.2

11.3

11.4

T

FIG. 5. �Color online� Size dependence of the peak locations of
the quantities �top to bottom� � ln m2 /�K, � ln �m � /�K, and �, with
K=
 /kBT, for the Ising fluid with �=1 and a cutoff radius of rc

=4. The MC data corresponding to the particle numbers N
=300,500,750,1000,5000,10 000 have been fitted using expression
�13�. The mean critical temperature of the fits is Tc=11.3174�1�,
marked by a black dot at L=�.

�2 �1 0 1 2 3
x�mLΒ�Ν

0.1

0.2

0.3

0.4

P�x�

FIG. 6. �Color online� Critical probability distribution function
P�x�, where x=mL�/� is the scaled magnetization, for Ising fluids
with �=1 and rc=2.5 and rc=4. The value of � /� is 0.54 for rc

=2.5 and 0.61 for rc=4. The individual data correspond to the sys-
tem sizes N=108, 300, 500, 750, 1000, 5000, and 10 000.
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� =
V

kBT
��m2	 − ��m�	2� , �17�

and �max the maximum of � as a function of temperature.
Figure 9 again shows the straight-line fits ln �max=c
+ �� /��ln L for Ising fluids with different cutoff radii rc.
Once more, the slope changes significantly with rc, and � /�
shows a similar behavior as � /� �only decreasing instead of
increasing, see Fig. 8�b��. The goodness Q of the fits was in
the region 0.4–0.9.

On the other hand, for the critical exponent � itself no
significant rc dependence was observed �Fig. 8�c��, its value
staying close to that of the 3D Ising universality class, �
=0.6301, in the whole rc range. Estimates for 1 /� were ob-
tained as mean values of the three slopes derived from the
FSS relations �29�

� � ln��m�	
�T

�
min

� L1/�, �18�

� � ln�m2	
�T

�
min

� L1/�, �19�

and

� �U

�T
�

min
� L1/�. �20�

The derivatives were calculated from the histogram H�m ,E�
as cross correlations with the energy E, as described in �29�,

�

�K
�mn	 = �mn	�E	 − �mnE	 , �21�

�

�K
ln�mn	 =

1

�mn	
�

�K
�mn	 = �E	 −

�mnE	
�mn	

. �22�

The subscript “min” always denotes the minimum with re-
spect to temperature. These minima were found by calculat-
ing the second derivatives with respect to K, for example,

�2��m�	
�K2 = ��m�E2	 − ��m�	�E2	 + 2�E	

���m�	
�K

, �23�

and finding the roots of these functions.
Straight-line fits to Eq. �18� are shown in Fig. 10, demon-

strating that in this case no apparent change in the slope with
varying rc occurs. However, a large uncertainty is connected
with the obtained values of � �see Fig. 8�c��, mostly due to
the third relation �20� including the Binder cumulant, which
is afflicted with a rather high statistical error. Also, the first
two values were usually lying rather close together, while the
third one differed considerably from the others. Still, the Q
values of the fits were at least 0.4 in all cases.

In Tables I and II, both for rc=2.5 and rc=4, the results
for the different techniques are summarized, including criti-

2.2 2.4 2.6 2.8 3 3.2 3.4
ln L

�2

�1.8

�1.6

�1.4

�1.2

�1
ln

m
c

FIG. 7. Magnetization at the critical temperature mc as a func-
tion of the system size L on a log-log scale for the Ising fluid with
�=1 and various cutoff radii rc=2.5,3 ,4 ,5 �top to bottom�. The
lines correspond to straight-line fits to the data. The changing slopes
reflect the different values of � /�.

(a)

(b)

(c)

FIG. 8. Critical exponent ratios � /� �a�, � /� �b�, and critical
exponent � �c� of the Ising fluid with �=1 as a function of the
cutoff radius rc. The horizontal lines indicate the corresponding
values for the 3D lattice Ising model �� /�=0.519, � /�=1.963, �
=0.6301 �30��.
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cal temperatures and critical exponents. The corresponding
values for the three-dimensional lattice Ising model are also
included.

We also tried to obtain data on the specific heat C, where

C =
1

V�kBT�2 ��E2	 − ��E�	2� , �24�

and the corresponding critical exponent � from the simula-
tions. However, it turns out that the peaks of C�T� in the
finite systems lie too far away from the critical temperature
Tc of the infinite system and thus from the simulation tem-
peratures, to get reliable results from the histogram reweight-
ing technique. In some cases, one cannot even see a peak at
all. Figure 11 shows resulting curves C�T� for rc=4 and sys-
tem sizes N=300, 1000, and 5000 �the curves for the other
system sizes show no peak in this case�. As the increasing
height of the peak indicates, the sign of � seems to be posi-
tive, which would contradict a Fisher renormalization. Linear
interpolation in a double-logarithmic plot yields 0.25�9� for
the slope � /�, which corresponds to a highly inaccurate
value of �=0.16�6�.

As we already pointed out in Sec. II C, the small correc-
tion exponents prevent us from reaching the asymptotic re-
gion with the available computer power. Thus, the values of
the critical exponents we observe can be explained as effec-
tive exponents. A way to obtain more information about the
asymptotic exponents was introduced by Orkoulas et al.
�50�. By performing simulations away from the critical re-
gion, the bulk behavior of the effective exponents �eff and
�eff as functions of temperature can be investigated and ex-
trapolated towards Tc to estimate the asymptotic exponents
by means of theoretical series expansion data. This is made
possible because of the sharp departure from the limiting
behavior when approaching the critical temperature. This ex-
trapolation allowed them to determine the universality class
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FIG. 9. Maximum of the susceptibility �max as a function of the
system size L on a log-log scale for the Ising fluid with �=1 and
various cutoff radii rc=2.5,3 ,4 ,5 �top to bottom�. The lines corre-
spond to straight-line fits to the data. The changing slopes reflect the
different values of � /�.
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FIG. 10. Minimum of the logarithmic derivative of the magne-

tization � � ln��m�	

�T
�

min as a function of the system size L on a log-log
scale for the Ising fluid with �=1 and various cutoff radii rc

=2.5,3 ,4 ,5 �bottom to top�. The lines correspond to straight-line
fits to the data. The slopes 1/� do not change significantly.

TABLE I. Results for critical temperature and critical exponents
from the scanning technique �column Vi�, the cumulant crossing
technique �column U� and the shifting technique �column FSS�, for
the Ising fluid with �=1 and a cutoff radius of rc=4. For the critical
temperature in column FSS, the Tc extrapolation with all six system
sizes and the Fisher-renormalized �� �Fig. 5� was used. The last row
gives the value of � /� depending on the value of Tc used in the
fitting of mc�L�.

Vi U FSS Lattice

Tc 11.3175 11.3189�76� 11.3174�1� 4.51152�2�
1/� 1.58 1.58�2� 1.587�2�
� /� 1.77�1� 1.963�3�
� /� 0.609�7� 0.612�7� 0.609�7� 0.519�2�

TABLE II. The same as in Table I for the Ising fluid with �
=1 and a cutoff radius of rc=2.5.

Vi U FSS Lattice

Tc 7.729 7.7234�58� 7.7213�1� 4.51152�2�
1/� 1.56 1.57�4� 1.587�2�
� /� 1.907�6� 1.963�3�
� /� 0.541�7� 0.537�7� 0.528�7� 0.519�2�
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of the three-dimensional Ising model with different numbers
of nearest-neighbor couplings by ruling out exponents be-
longing to other universality classes �self-avoiding walk, XY
model�. Later, the same authors used this method also for the
hard-core square-well fluid �51�, confirming its universality
class to be of the Ising type. We have applied the same tech-
nique to the Ising fluids with rc=2.5 and rc=4. We calculated
the effective exponent �eff

+ �T� as

�eff
+ �T� = −

� ln �

� ln�t�
,

where

t = 1 − Tc/T ,

for different system sizes and have plotted the results in Fig.
12 as functions of �T−Tc� /T. Since there is no series expan-

sion data for Ising fluid systems available, we cannot make
an exact extrapolation, but judging from the curves for rc
=2.5, whose peaks lie above the value of �l, the lattice value
of the 3D Ising model, the results point towards the Fisher-
renormalized value of ��=1.39. It is also interesting to note
that the curve for the Ising fluid with rc=4 and N=5000
seems to show a slightly nonmonotonic behavior, going to a
minimum near t=0.15 before approaching the N=1000 curve
again. This could be an indication of the interplay between
two types of corrections to scaling with different signs, on
the one hand, the Wegner correction which is only important
further away from the critical temperature, and on the other
hand, the Fisher-type correction which becomes dominant
for smaller values of t.

E. Varying �

In another set of simulations we have also studied the
influence of the screening parameter � in the Yukawa poten-
tial �2� on the critical quantities at the ferromagnetic phase
transition. At a fixed cutoff radius rc=2.5 we varied the value
of � between 0.5 and 4 and performed the same kinds of
simulations as described in the preceding section. While the
dependence of the critical temperature Tc on the interaction
potential parameter �Fig. 13�a�� is as expected, the value of
the fourth-order cumulant at Tc, Uc, shows again an unex-
pected nonuniversal behavior, rising from 0.446�5� to
0.483�8� with increasing � �Fig. 13�b��. With rising �, how-
ever, the corrections to scaling now also increase, reflecting
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FIG. 11. Specific heat C as a function of temperature for the
Ising fluid with �=1 and a cutoff radius rc=4, and system sizes
N=300 �squares�, 1000 �triangles�, and 5000 �diamonds�. The in-
creasing peak heights indicate a positive value of �. The vertical
line marks the critical temperature of the infinite system �Tc

=11.3175�.
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FIG. 12. Effective susceptibility exponent �eff
+ �T� for T�Tc for

the Ising fluid with �=1, rc=4 �squares� and system sizes N
=1000, 5000, and 10 000 �right to left�, and for the Ising fluid with
�=1, rc=2.5 �circles� and N=5000 and 10 000 �right to left�. Indi-
cated as horizontal lines are the value of � in the mean-field theory
��MF=1�, the value of the 3D Ising lattice model ��l=1.237 �30��
and the Fisher-renormalized lattice value ���=

�l

1−�l
=1.39�.

(a)

(b)

FIG. 13. Critical temperature Tc �a� and critical Binder cumulant
Uc �b� of the Ising fluid with cutoff radius rc=2.5 as a function of
the screening parameter �. The horizontal line indicates the value of
Uc for the lattice Ising model �30�.
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the decrease in the effective range of the Yukawa function
with larger screening parameter.

III. ISING LATTICE

We have also performed additional simulations on a three-
dimensional Ising lattice. Our motivation is to compare the
effect of the interaction range in a system where Fisher
renormalization is expected �Ising fluid� with that in a system
without a thermodynamic constraint, where no such renor-
malization should occur �Ising lattice�. Apart from the differ-
ent values of the critical exponents, Fisher corrections to
scaling are also absent in the latter system, making it easier
to reach the asymptotic region.

In order to examine the influence of the range of the ex-
change interaction we have successively included nearest-
neighbor �NN�, next-nearest-neighbor �NNN�, and third-
nearest-neighbor �3NN� couplings, respectively. The
strengths of the particular interactions were chosen equal to
the strength of the Yukawa interaction J�r� �2� used in the
Ising fluid at the corresponding lattice distances, assuming a
number density of N /V=0.5�−3. For such a lattice, the lattice
constant is a=�321.26 �in units of ��, the distance of next-
nearest neighbors is aNNN=�2a1.78, and that of the third-
nearest neighbors a3NN=�3a2.18. The corresponding cou-
pling constants are JNN=J�a�=0.612, JNNN=J�aNNN�
=0.2568, and J3NN=J�a3NN�=0.1405, and the Hamiltonian is
given by

H = − JNN�
�ij	

sisj − JNNN �
��ij		

sisj − J3NN �
���ij			

sisj , �25�

where the sums go over nearest, next-nearest, and third-
nearest, neighbors, respectively. As the reduced temperature
we used T*=kBT /JNN. Simulations were performed for dif-
ferent lattice sizes L, ranging from L=6 to L=50, with par-
ticle numbers N=L3. The simulation runs consisted of 107

MC cycles, each comprising one Wolff cluster move.
Figure 14 shows the finite-size dependence of the value of

Uc=U�Tc� for the three systems we considered, namely one

with pure NN couplings, one with NN- plus-NNN couplings,
and one with all three couplings turned on �for the NN sys-
tem such a plot was shown in Fig. 7 of Ref. �29��. The
corresponding critical temperatures are Tc

NN=4.5115, Tc
NNN

=9.2806, and Tc
3NN=11.123. The graph shows clearly that in

every case Uc tends with larger system size to the value that
is usually connected with the Ising universality class, which
is Uc=0.4652 �30�. As expected, no dependence on the inter-
action range is found. There is however, a clear decrease of
the finite-size dependence with increasing number of neigh-
bors included in the Hamiltonian �this was already men-
tioned in �30��. While for the pure NN case, the deviations
due to the finite system size are quite large �Uc0.477 at
L=12�, for the NN+NNN+3NN system the values of Uc are
close to the infinite-size limit already for rather small sys-
tems �Uc0.466 at L=12�. This can also be seen in Fig. 15,
where the cumulant intersection regions for the NN and NN
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FIG. 14. �Color online� Dependence of the Binder cumulant U
of the 3D Ising lattice at Tc on the system size L. The points cor-
respond to the NN, NN+NNN, and NN+NNN+3NN systems �top to
bottom�. The horizontal line indicates the known value of Uc

=0.4652 for the lattice Ising model �30�.
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FIG. 15. �Color online� Binder cumulant UL�T� of the 3D Ising
lattice for different sizes �L=6, . . . ,50� for the NN �a� and the NN
+NNN+3NN system �b�. The horizontal and vertical lines indicate
the locations of Uc and Tc, respectively.
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+NNN+3NN systems are displayed. The intersection points
of the separate curves obviously lie much closer together in
the latter case. It is also interesting to compare with Fig. 1,
showing the corresponding plots for the Ising fluids with rc
=2.5 and rc=4, which exhibit a similar though less pro-
nounced trend. Since the mean number of neighbors lying
within the cutoff radius rc around a particle in an Ising fluid
simulation is roughly equal to the number of neighbors
closer than the distance rc in a lattice with the same density,
we expect the errors in the value of Uc due to corrections to
scaling to be of about the same order of magnitude as in the
corresponding lattice simulations. For large rc�3, the error
can be expected to be smaller than 0.01, which is consistent
with our error bars.

IV. CONCLUSION

We have studied the ferromagnetic order-disorder transi-
tion in hard-core Ising fluids with Yukawa exchange interac-
tion truncated at various cutoff radii rc, and also with differ-
ent inverse screening lengths �. We performed Monte Carlo
simulations in the canonical ensemble, analyzing the ob-
tained data via histogram reweighting and different finite-
size scaling techniques. In the case of rc=2.5 and �=1, our
results for the critical Binder cumulant and critical exponent
ratios agree with those of Nijmeijer, Parola, and Reatto �8�,
however for other values of the parameters we find signifi-
cant deviations from these results. Keeping �=1 constant
and increasing rc, the critical Binder cumulant Uc as well as
� /� decrease far below the corresponding values of the lat-
tice Ising model, while � /� increases above and � itself stays
close to its lattice counterpart. Also with assuming Fisher
renormalization of the exponents, which is expected for Ising
fluids at constant density due to ��0, these results cannot be
explained satisfyingly.

A closer inspection of the corrections to finite-size scaling
in the shifting technique reveals a rather small transient that
prevents reaching the asymptotic critical region even with
the largest system sizes that can be studied with our comput-
ers. A rough estimate shows that particle numbers of at least
30 000 would be necessary. Therefore, the exponents we
have measured are merely effective ones, like those in �9� for
the case of the Heisenberg fluid. For the effective critical
exponent �eff we have performed a detailed investigation of
the bulk behavior away from Tc which allows us to estimate
the asymptotic value. From the resulting curves, at least for
rc=2.5, we see a tendency towards a Fisher-renormalized
value of �.

The question whether the observed values of Uc are also
just effective ones or whether they really depend on the de-
tails of the interaction potential, remains open until simula-
tions with higher particle numbers are performed. With the
system sizes we have used, no noticeable trend was observed
that would indicate a crossover to the lattice value of Uc.
Simulations of the simple cubic 3D Ising model with differ-
ent numbers of couplings �nearest neighbor, next-nearest
neighbor, and third-nearest neighbor� included in the Hamil-
tonian, their strengths chosen according to the Yukawa inter-
action in the Ising fluid, show no sign of a change in the
critical Binder cumulant. Only the additional translational
degrees of freedom in the liquid system seem to cause the
nonuniversal results obtained.
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